Pre-Calculus Notes Name: o
Sections'12 and'l'|Meshed Together ..

PART ONE: We looked at trigonometric functions for angles measuring between 0° and 90° when we
focused on the acute angles inside of a right triangle. We can also assign trig. values to ANY angle measure,

including angles greater than 90°. But need to understand reference angles and reference triangles first.

First, let's review an important geometry concept...

Will the angle @ have the same trig values REGARDLESS of the triangle used? "J?Z"J\J Why?
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Second, let's look at reference angles and reference triangles.

A reference angle is the ACUTE angle (always positive) formed by the TERMINAL side of any angle in
standard position and the nearest portion of the x -axis. The triangle formed is the reference friangle.

Example 1: Sketch the angle in standard position. Then shade in the reference angle and give its
measure in degrees.

a. 120° b. 240° €. =J2"
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Example 2:  Sketch the angle in standard position. Then shade in the reference angle and give its
measure in radians.
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Let's change the approach. I will give you the reference angle and the quadrant that the original angle
terminates in... you give the measure of an angle that has the given reference angle.

Example 3:

terminates in the designated quadrant.

Give the measure of an angle in degrees that has the given reference angle and that

a. 60°; terminates in Q IT

b. 30°; terminates in Q III

c. 82°; terminates in Q IV
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Example 4:

terminates in the designated quadrant.

Give the measure of an angle in radians that has the given reference angle and that

b2
a. —6—; terminates in Q IT

b. %,‘ terminates in Q IIT c.
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PART TWO:

Let's start associating the trig values with x, y, and 7, in addition to adj, opp, and Wyp.

Let 6 be anangle in standard position with (x,y) a point on the terminal side of @ and 7 =+/x* + 3> %0,

since x>+ > =r?. Then..

sin6’=—}i
r

cos9=i
r

tan¢9:—Ji
x

1
cscl = — = L
sin @ 9
1
and secf = = 4.
cosé %
1 -
cotf = =
tan @ Y
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Example 1: Find the 6 trigonometric function values of the angle with a point (3,4) on the terminal side
of the angle, 6.
X = 3 ryr = :-/ 9 -
sinf = 5 cosf = 5 tand = )
gsef= 4 secf=___ 3 cotf=_ ¢




Example 2:  Find the 6 trigonometric function values of the angle with a point (~5,12) on the terminal
side of the angle, 6.

x= —S y= VL r= \3 el -5 -
hedd®) sinf=__ \? cos@=__ \3 tanf=_ -%
b \‘ 13 ~\2 =S
»«»{%\%—-m cscd=_ \L secld=_ S5 cotd=_ 12,
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Now let's look at determining the sign (positive or negative) of a function by looking at the quadrant in
which the angle terminates.

The signs of the trigonometric functions in the four quadrants can be determined easily from the definitions

x
of the functions. For instance, because cos@ =—, it follows that cos@ is positive wherever x >0, which is
r

in Quadrants I and IV. (Remember, 7 is always positive.)
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Quadrant IT , Quadrant T So.. what is a trick to help me remember? <l p
a & ¥ E & F "All Stupid Teachers Cheat" o
. it can help you identify which of the main trig.
\/ | S functions (sin, cos, and tan) are positive for each
: quadrant.  Go counter-clockwise and then just
c s T } c s T remember that the trig. functions reciprocal will
== ek e e have the same sign (so csc is positive in all the
; quadrants where sin is positive).
Quadrant ITT | Quadrant IV
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Example 3: State the quadrant(s) in which @ terminates based on the given information.
a. cosf@>0 b. sind <0, cosd <0
gosinie VAR ~O0, no.2
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Example 4:  Given tané = -3 and cos@ >0, find the exact values of the other 5 functions.

x=_ 1 y= =% y=_§ S5 L4 &

. 1 sinf=___ w\  cosf=__ 4\  tanf=_ "9
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We will be focusing on the Unit Circle more and more over the next few days. What is a Unit Circle? Well, it
is a circle that is centered at the origin and that has a radius of one unit. What effect will Thaf have?
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(3.4) What are the coordinates for x and y? S J
/ e—/

\ What is the cosine of 6 ?
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What is the sine of 6 ?

) Hence, in the(UNIT CIRCLB..

- the cosine of an angle is always __ "= - govgin ar
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Quadrantal Angles -
Now, we will focus on angles in standard position that terminate on an axis, also known as quadrantal angles.

What happens as the terminal side of the angle approaches the x -axis?

What happens when the terminal side is ON the x -axis?

What happens as the terminal side of the angle approaches the y -axis?

What happens when the terminal side is ON the y -axis?

Armed with this knowledge, let's figure out the trig function values for any angle whose terminal side lies on

an axis, also known as a quadrantal angle.
A° 5 . REMEMBER...
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Example 5. _ Evaluate the value of each of the six trigonometric functions for each quadrantal angle 8 .
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sind=_ QO cosf=_\ tand=__ ) sinf= | cosf@=_ 0 tand = Ymdol

cscf = Umdot secf=__\ cotf=Umdot | cscf=_ | secO=Umdu’ cotd=_ O
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csc=Undal  sech= ) cotf=Jrdst | cscf= ) secd=umdol cotf= )

Now get out your “unit circle” and fill in the angle values and trig values for the quadrantal angles.

Example 6:  State the quadrant(s) or axis in which & terminates based on the given information.
a. sin@ >0 b. sin@ >0,cos0 <0,
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PART THREE:
Recall that we briefly saw the special right triangles in our previous unit.
25~ 60° s2 /45°|
s
30° 45°
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Let's find all of the angles measuring between 0° and 360° that have a reference angle of 30°, 45°, or 60°.
Angles with 30° Reference /£ Angles with 60° Reference Angles with 45° Reference /
ne
- _ 5, 45 = _-
1 . 30°
30", 30° 45° | “43° | 60°  60°
30° 30° 45° 45° 60° 60°
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Now, with radians. Find all of the angles between 0 and 27 that have a reference angle of —ﬂ—, —E, or %
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Now, let's put it all together on the front side of the Unit Circle you have been provided...
PART FOUR: More with the Unit Circle.. and not the Quadrantal Angles! ©

We were briefly introduced to the Unit Circle previously as we evaluated the trigonometric values for
various quadrantal angles. But not every angle is a quadrantal angle, is it? Let's start by focusing just on the
first quadrant of the unit circle.
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So, let's put it all together to give us the first quadrant of the MW
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. = 2 ; it for the rest of the semester. 4
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Don't say I did not warn you! ©®
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It will make your life TONS easier if you memorize the following pairs, which are reciprocals of each other.
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Example 1: Using reference angles and the unit circle, find the values of the 6 trigonometric functions.
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Example 2: The terminal side of an angle @ in standard position passes through ~5'5 ) Determine
the exact values of the 6 trigonometric functions of the angle 6.
" e -2 \
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Finally, let's practice a bit more with evaluating trigonometric functions with our calculator. We did this type
of problem in our previous unit, but it never hurts to revisit this skill again,

Example 3: Round each of the following to four decimal places. Watch your mode!

a. sin73’ b. cos(-263°) c tan % d csc—l—”— Fivs o
0eASL3 — 01219 =0 Wy o '-a,m'ss”-;-v

d; \SCC(:5‘\1) e. cot(—%[) = ,_x’_&,\./ﬂ - 37T k. Hnd0r g. secl:;i ) :J;‘r: h
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Remember... the calculator only does what you instruct it to do. If you tell it to find the wrong thing, it will.

PART FIVE: Domain and Period of Sine and Cosine

) r A\
What is the DOMAIN of the sine and cosine functions? o o TS =2
What is the RANGE of the sine and cosine functions? —l=w =) 37 Sl PR J

Do all co-terminal angles have the same trig function values? U(\)/Q»C-)

So, if we wanted to find the sine or cosine of an angle measuring 390° we would _ "\ o Vo v
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As a matter of fact all angles of the form 8 = 3o or =) = il will have

the same sine or cosine values as 6 . Whard W IS aon AatesRr !

Hence, we say sine and cosine are PERIODIC FUNCTIONS and have a PERIOD of 360° or 27 radians.

Example 1: Evaluate the exact value of the given function at the given angle.
a. cos420°= ¢ y<'pn® ) i 87 5 i . 20z _, ,
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Even and Odd Trigonometric Functions (Negative Angle Identities):
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Therefore, the odd trig. functions are Yo ol YAl ,
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Example 2:

~-

Use the value of the given trigonometric function to evaluate the indicated function,

and the even trig. functions

ODL — oppas e

a. sinoS?=i
5

Find sin (@) and csc(-0).
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b. cos¢9=§ R - S govrfl

Find cos(—0) and sec(-6).
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PART SIX: Givena function value, can you give the angle(s) that have that function value?
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Example 1: Solve for @, where 0° <6 <360°.
1 e b. tand =1
a. cosf=—— L /\/) —— ¢
AL {7 LA
/":g,.}\“\/f"\x o 4 ~.7.,_;..;j~ :," 3 ,). ,«1
-‘%“ — e SE—— :; Y T’*ﬁ;‘!——x
\ T Ve | oA ]
l\/‘?i/ \ ) \x/':,"’ {
/ 4
4 Y AP — T s S e — o . .
\ Q A D¢ rle® Iy . 1 eV
) VL0 gwdh 2N || T LNMS 4’ geng 2257 |
"\ ) «} ya b:)u A e L _“- e o
Example 2: Solve for G ,where 0<8 <27 .
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